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Solution to Exercise 1

(a) First, we show that the Markov property implies E[T | X1 = 21 A Xo = x0] = E[T | X1 = z4], for
ZTo 7£ 0:
E[T | X, = 21 A Xo = zo] =
Zt-Pr[T=t|X1 =$1/\X0:Z‘0} =
>0
Zt' Z Pl"[XtZO/\Xt,l:ﬁt,l/\.,,/\X2:x2|X1:x1/\X0:$0]:
tZO Lt —13:+yL2
St > PrXy=0|X;=a Ao AXg=x0] - Pr[Xa = a2 | X1 =21 A Xo =z =
t>0 Tp—1,e..,T2
St > PrXy =0 X,y =we ] Pr[Xo=ap | Xy = 3] =
tZO Tt—13:+yL2
Zt. Z PriX; =0AXy 1=2¢ 1 A AXo=20 | X1 =21] =
t>0 Tt—1,0-0,%2
Dot Pl =t| X =a] =
>0
E[T | X1 = $1],

where the sum > is over the elements of (S '\ 0)!~2. Hence, we can conclude

Lt—1yeeey T2

Z Pr[Xlle|X0:$0]'E[T|X1:ZL’1]:

r1ES
Z PI'[X1:£L'1 ‘XOZ.TQ]E[T‘Xl :.’tl/\Xoixo] =
T1E€S
Z PI‘[X1:I1 ‘Xoiﬁo]ZtPF[T:t‘Xl :Il/\XOZSC()] =
T1ES t>0
Z Zt~Pr[X1 =z | Xo=x0] - Pr[T =t | X; =21 A Xo = x0) =
z1ES t>0
Z ZtPI‘[T:t/\Xl =T |X0:£C0]:
r1E€S t>0
Zt- Z PI‘[TZt/\Xl =T |X0=J)o]=
t>0 1 €S
Dt PrI =t| Xo=m] =
t>0

E[T | XO = 1‘0}.



(b) We simply calculate
EEX | Y]] =) E[X|Y =y]-Pr[Y =y

=> >z PriX=a|Y =y -Pr[Y =y

:ZZz~Pr[X:x/\Y:y]

:ZZx~Pr[X:x/\Y:y]
:Zm-Pr[X:x]
= E[X].

Solution to Exercise 2

Let X; be the random variable counting the missing coupons at time ¢ and 7" be the first point in time ¢
such that X; = 0. First, note that E[T' | Xo =n] > (1 — o(1))nInn because the process is at most as fast
as the Coupon Collector process.

Hence, it is left to show an upper bound. Let € > 0 and T%,, be the first point in time ¢ such that X; = en.
We can write E[T' | Xo = n] = E[T., | Xo =n] +E[T | Xo = en].

To compute E[T.,, | Xg = n] define the random variables Y; as

Xt, if Xt > en,
Y, = :
0, otherwise,
and denote by Ty the first point in time ¢ such that Y; = 0. We apply the Multiplicative Drift theorem
with § = 1/(2n), Smin = €n, and sg = n:
1+Ini
E[Ten ‘ Xo = ?’l] = E[Ty ‘ YO = n] < 1 £ = O(n)

2n

Now we determine E[T" | Xy = en]. Let £ be the event that Alice loses all coupons. We have

E[T|X0:gn]:(1—%)5"~E[T|onan/\?]—i—(l—(l—%)5”)~E[T|X0:5n/\€]

g]E[T\ongnAz]Jrg-]E[T\Xo:gnA*],

where we used Bernoulli’s inequality in the last line. Note that E[T' | Xo = en A &] = (1 + o(1))nlnn,
since conditioned on the event £ the process behaves like the Coupon Collector process. Furthermore, we
can bound E[T | Xg =en A &] < 2E[T | Xy = n]. Solving yields E[T | Xo = en] < (1 + o(1))nlnn.

Solution to Exercise 3
We consider the case a < 1. Define the random variables Y; as
In X;, if Xy >0,
Y, = .
0, otherwise.

Note that Y; is 0 if X; is 0 or 1. Hence, to show the lower bound for the Random Decline process, it
suffices to show E[T' | Yy = Inn] = Q(Inn). The drift of (¥;):>0 is

Laz]

B~ Y mzlm]:m_zlfﬁ
1
<lnz-— 1T (] (lax|In|azx| — |ax])

= 0(1).



Thus, we can apply the Additive Drift theorem to obtain that E[T | Yo = Inn] = Q(Inn). For a > 1 note
that we can couple the processes: Let (X;);>0 be the process with a > 1 and (X7)¢>0 be the process with
a = 1. The coupling is as follows: if X;1; < X] we set X; | = X;11 and otherwise (X7);>( does a regular
step. Hence, X; > X holds for all ¢ > 0 and (X;);>¢ can not be faster than (X]);>o.

Solution to Exercise 4

(i) If there is a weight w; < 0, then we can just apply the automorphism ¢ to the hypercube that flips
0 and 1 in the i-th bit, and replace the weight w; < 0 by w} := —w; > 0.

Note that then we have f,(x)— fu(y) = fu (¢(x)) = fu (©(y)) for all z,y € Hy,. Therefore, by setting
y =0, we get f,(r) = fu (p(x)) — fu(p(0)) for all x € H,, so both problems are equivalent. Not
only do they take the miminum in the same places, have the same optimum, but the optimization
algorithm makes the same choices on both instances, modulo .

Similarly, changing the order of the bits does not change the problem.
(ii) The upper bound is trivial. For the lower bound, observe that for fixed 4, the probability that we

flip exactly the i-th bit is 1/n - (1 — 1/n)"~!. We use the well-known formula (1 — z/n)" < e % <
(1 —x/n)"~! for # = 1. (It holds for all # > 0.) Now we sum over all i and obtain

N\N""' 1
po=<1—> > -
n e

(iii) For a = 0 the statement is trivial. For a > 0, we compute directly
1
E[X: — X1 | Xt = a] > E[X; — X411 | X = a and we flip exactly one bit.] - —
e

1
=— Z Pr[flip exactly i-th bit] - w;
e

i-th bit wrong

1
Z&' Z W;

i-th bit wrong

(iv) We apply the Variable Drift theorem, where spin = wpin and h(z) = z/(en). We obtain

Win e 1 @ 1 a
ET| Xg=0a| < — ——dx = 1 —dz | = 141 .
Tl Xo=al < P(Wmin) +/ h(x) e < Jr/ €z I) - ( s (wmin>)

Wmin Wmin

Observing that the starting value is a = >, w; yields the result.



