
Exercise Set 10 – FS18

(Linear Algebra Methods in Combinatorics)

You can submit solutions also by email by next lecture – 17.5.2018.
These exercises are non-graded but you get feedback on your submit-
ted solutions.

These three exercises are on the “Euclidean coloring” problem in this
lecture, in particular, the last two are about the upper bound on the number
of colors.

Exercise 1. Consider the following strategy to prove a lower bound on the
number of colors m(n) needed to color Rn. There exists some unit-distance
graph G in Rn which has a large clique, say K, and therefore m(n) ≥ χ(G) ≥
|K|. Prove that the best lower bound that is possible to obtain with this
approach is m(n) ≥ n+ 1.

Exercise 2. Suppose we can cover the whole space Rn using a set of open
balls, B = {B1, B2, . . . , Bi, . . .}, of radius 1/2. We construct a graph G whose
vertices are the centers of these balls, C = {c1, c2, . . . , ci, . . .}, and an edge
(ci, cj) exists if and only if the distance d(ci, cj) ≤ 2. Prove that, if you can
color G with c colors, then you can color the whole space Rn with c colors
(i.e., m(n) ≤ χ(G)).

Hint: Extend the coloring of the centers to the whole space. Prove that in
this way two points p and p� at distance 1 cannot get the same color.

Exercise 3. Show that the graph G in Exercise 2 can be colored with 9n

colors if the set C = {c1, c2, . . . , ci, . . .} satisfies d(ci, cj) ≥ 1/2 for all distinct
ci, cj ∈ C.

Hint: Use the fact that a ball of radius 9/4 cannot contain more than 9n

balls of radius 1/4.


