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Introduction

Let’s consider the following problem:
Given an English dictionary and a word starting with the letter “A”, we want to find the page,
on which the word is listed. It turns out that we have a very high chance of finding that word in
the first 26th of the dictionary, and thus skipping 25/26 of all the pages. This is only the case,
because the starting letter of a word is approximately uniformly distributed between the 26 letters
of the English alphabet.
This searching technique is already well known in the field of computer science. It was first
described in [6] in the year 1957 and is today known as interpolation search. Suppose we want to
find (by interpolation search) a key in an ordered array of n keys, which were drawn independantly
from a uniform distribution. Then the average number of probes (key comparisons) will be in
O(log log n), which is superior than the average of binary search in O(log n). The log log n average
behaviour has been proven in multiple ways as in [10] and [4], but neither proof can give us a
simple intuition why there is such an behaviour.
In this report we will discuss yet another approach to analyse the average behaviour of a slightly
modified version of the conventional interpolation search with the goal to better understand the
intuition behind the behaviour. The algorithm is called binary interpolation search, which requires
on average less than 2.42 log log n probes, as introduced in [5] (which we will refer to as the paper ).
We will first try to comprehend the log log n behaviour by exploring the idea that this behaviour
may be derived from a quadratic application of the binary search, and then proceed to look at the
binary interpolation search algorithm, which implements this idea and analyse its complexity.
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Binary Search and Interpolation Search

Let’s begin by reviewing the binary search and interpolation search algorithm. Given an ordered
array A of n keys x1 < x2 < · · · < xn and a key y, find the target index i ∈ {1, 2, . . . , n} such that
xi = y. We call xi the target key.

2.1

Binary Search

What binary search essentially does, is probe the middle of the array and find out in which half
it has to continue searching. It will first compare y with xbn/2c . If they are equal, then it has
found the target index. Otherwise it continues to probe the middle of the respective sub-array
x1 , . . . , xbn/2c−1 if y < xbn/2c and xbn/2c+1 , . . . , xn if y > xbn/2c . If there is no such appropriate
sub-array, then y is not in the array.
The number of probes in Binary search (see [8]) in the best case is just 1 and in the average and
worst case it is in O(log n). In contrast to interpolation search. The behaviour will not be improved
even if we assume that the keys of A were independently drawn from a uniform distribution.
We can visualize the log n behaviour when we view the keys as a tree:

Figure 1: An array with n = 63 keys viewed as a tree. The levels are separated by dotted lines.
The first key to be probed is the root of the tree. After each key comparison the next key to be
probed is either the left or the right child, meaning it continues one level deeper after each probe.
Let’s refer to the sequence of keys probed as the search path (see figure 1 for 3 such possible search
paths). Binary search terminates the latest, when a leaf or in other words when the bottom of the
search path has been reached. Because a complete binary tree with n keys is exactly dlog(n + 1)e
levels deep, we can conclude that the number of probes required for binary search is in O(log n).

2.2

Interpolation Search

We now assume that the keys of A are randomly and independently drawn from a uniform distribution over the range [x0 , xn+1 ] for some x0 ≤ x1 and xn+1 ≥ xn . Because the keys are now
uniformly distributed, we can expect around p = (y − x0 )/(xn+1 − x0 ) of the keys are less than y.
Thus, interpolation search first compares y with xdpne . If they are equal, it has found the target
index, otherwise we apply the same method recursively on the respective sub-array x1 , . . . , xdpne−1
if y < xdpne and xdpne+1 , . . . , xn if y > xdpne . If there is no such sub-array, then y is not in A.
The number of probes in interpolation search (see [9], [10] or [4]) in the best case is also just 1, in
the average case it is in O(log log n) and in the worst case it is in O(n).
Remark: The complexity in the worst case could be improved by running interpolation search
and binary search in parallel or alternatingly, such that the worst case is in O(log n). However
this approach has no real utitlity, since it has been shown in [4] that it is already unlikely that
interpolation search will require just a few more than log log n probes.
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The Quadratic Application of Binary Search

We have already seen in the previous chapter that binary search requires about log n many probes,
this suggests that it might be possible to view the log log n behaviour of interpolation search as a
quadratic application of binary search. We have also seen, that when applying binary search on
an array with n keys, we get a search path, whose length is bounded by log n. But what if, instead
of going down the search path linearly, we applied binary search on the search path itself? This
would then have the desired log log n behaviour. Unfortunately, because the search path is not
known before having applied binary search on the whole array of n keys, applying binary search
on the search path is of course not possible. What is possible, is to apply binary search to the
levels of the tree. Meaning, we cut the levels of tree in half after each probe (in figure 1 that would
correspond to the cut along the third dotted line). This will lead us with a top half consisting
of one sub-tree√and a bottom half with several
√ sub-trees. All these sub-trees have a depth of
1
log(n)
=
log(
n),
and
thus
all
have
around
n keys each. See figure 2 for a visualization.
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Figure 2: Splitting the tree into half.
Splitting the tree into half does not yet help us locate where the target key is. What we can do is
to sequentially probe the keys from the upper sub-tree and determine in which bottom sub-tree
we have to continue searching. Of course, if the target key is in the upper half we do not have to
continue to search the appropriate next sub-tree in the bottom half. But if not, then after having
determined in which bottom sub-tree to continue searching, we can apply the same searching
method recursively on the new found sub-tree until the target key has been found or until there
are no more sub-trees, in which case there is no target key.

Figure 3: The search path visualized.
Figure 3 shows us a possible search path, where the blue marked sub-trees are the top trees, whose
keys are being probed to determine the next sub-tree. In the next chapter we will see an algorithm
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which requires only a constant number of probes on average in the process of determining the next
sub-tree. Thus, with this quadratic binary search method we have effectively found a way to search
for the target key in O(log log n) complexity.

4

Binary Interpolation Search

We will now examine the binary interpolation search algorithm, which uses interpolation search
to determine the first key to be probed. For simplicity, we assume that the key to be probed is in
the top sub-tree. It then continues to sequentially probe the keys to the left or to the right of the
top sub-tree, depending on the result of the first probe.
In the analysis we will see that by using interpolation search for the first probe on each iteration
we are on average only a constant number of probes away to determine the next corresponding
sub-tree.

4.1

The Algorithm

Algorithm 1
BinaryInterpolation(A, y, 0, n − 1) returns the index of y in a 0-based Array A with n keys.
If y is not in A, it returns −1. l and r are the left and right bound of the search space.
1:
2:
3:
4:
5:
6:
7:
8:
9:
10:
11:
12:
13:
14:
15:
16:
17:
18:
19:
20:
21:
22:
23:
24:
25:
26:
27:
28:

procedure BinaryInterpolation(A, y, l, r)
if l > r || (l == r && A[l] 6= y) then
return −1
else if l == r && A[l] == y then
return l
p ← (y − A[l])/(A[r] − A[l])
mid ← l + p ∗ (r − l)
i←1
if y > A[mid] then
loop forever
√
next ← mid + id ne
if next > r || y < A[next] then break
if y == A[next] then return next
i←i+1
√
l ← mid + (i − 1)d ne + 1
r ← Min(r, next − 1)
return BinaryInterpolation(A, y, l, r)
else if y < A[mid] then
loop forever
√
next ← mid − id ne
if next < l || y > A[next] then break
if y == A[next] then return next
i←i+1
√
r ← mid − (i − 1)d ne − 1
l ← Max(l, next + 1)
return BinaryInterpolation(A, y, l, r)
else
return mid

The algorithm first covers the base cases in lines 2-5, where there is only one key to be checked.
Then it interpolates over the search space to find the first key xmid to be probed (lines 6-7). If
y > xmid then it essentially loops over i ∈ {1, 2, ...} in lines 10-14 to find the smallest i, such that
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y < xmid+id√ne . When this i has been found, it can continue in line 15-17 to search recursively in
the remaining search space between xmid+(i−1)d√ne+1 and xmid+id√ne−1 (if it isn’t an edge case).
This corresponds to the sequential probing of the keys to the right of xmid in the top sub-tree.
In other words, xmid+id√ne corresponds to the i-th key to the right of xmid , because each bottom
√
sub-tree has around d ne keys.
The case, where y < xmid (lines 18-26), is analogous, in which it finds the smallest i, such
√ that
y > xmid−id√ne . In both cases the size of the search space of n keys is at least reduced to n.
Note that this algorithm, does not implicitly go through the keys in the top sub-tree, it can only
be viewed as such, if the assumption that xmid actually is in the top sub-tree holds. But even
if the assumption does not hold,
√ the algorithm in fact still works with the desired complexity, as
it reduces the search space to n anyway and that on average in a constant time. This will be
important in the analysis.

4.2

Analysis

Let’s begin with the analysis of the best and worst case complexity. In the best case, only 1 probe
is needed
(line 27). The number
√
√ of
√ iterations (variable i) of the loop in line 10 or 19 is bounded
by n, because then mid ± nd ne is definitely out bound and we exit
the loop in line 12 or
p√
√
21 respectively. Thus, in the worst case the number of probes is n +
n + . . . , which is in
O(n1/2 ). This could technically be improved as described in the remark of section 2.2.
Let’s now analyse the average case. Let T (n) be the average number of probes needed to find a
key in an Array of size n. To determine that, we must calculate the expected number of probes
√
C, which are used by BinaryInterpolation to reduce the search space of size x to the size x,
meaning the number of key comparisons used from line 9 to 16, or line 18 to 25 respectively. By
lemma 1 (see below), C is bounded by a constant Ĉ. Therefore we have
√
T (n) ≤ Ĉ + T ( n)
√
k
To eliminate T ( n) from the term we need to telescope the equation. Assume that n = z 2 for
some k, z ∈ N and that T (z) is small. We have
k

k−1

T (n) = T (z 2 ) ≤ Ĉ + T (z 2

k−2

) ≤ Ĉ + Ĉ + T (z 2

) ≤ Ĉ + Ĉ + · · · + Ĉ +T (z) = k Ĉ + T (z)
|
{z
}
k times

k

Because n = z 2 and z ≥ 2 if n > 1 we have log2 (z) ≥ 1 and thus
k = logz (log2 (n)) =

log2 (log2 (n))
≤ log2 (log2 (n))
log2 (z)

Therefore we conclude that
T (n) ≤ Ĉ ∗ log(log(n)) + T (z)
Finally, after plugging in the constant from lemma 1 and ignoring the small T (z) we have:
T (n) ≤ 2.42 · log(log(n))
Lemma 1. Assuming that the keys are drawn independently from a uniform distribution, then
the expected number of probes C used in BinaryInterpolation to determine the next subspace
is bound by a constant.
Proof. Assume without loss of generality that the current search space is from 0 to n − 1. Because
the keys xi are all independently drawn from a uniform distribution, the indicator that a key is
less or equal to y is Bernoulli distributed with probability p = (y − A[0])/(A[n − 1] − A[0]). Thus,
the number of keys X, which are less or equal to y is binomially distributed: The probability of
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exactly i keys being less or equal to y is ni pi (1 − p)n−i . Because the distribution of X is binomial,
its expected value µ = np and the variance σ 2 is np(1 − p).
We determine C as follows:
C=

∞
X

i · Pr[exactly i probes are used] =

i=1

∞
X

Pr[at least i probes are used]

i=1

Notice that at least √
two probes are always used, first the probe with mid at line 9 or 18 and the
second with mid ± d ne at line 12 and 21 respectively. And for i ≥ 3 we have that
√
Pr[at least i probes are used] ≤ Pr[|(location of y) − np| ≥ (i − 2)d ne]
σ 2√
((i−2)d ne)2

This probability is bounded above by

by Chebyshev’s inequality:

Pr[|X − µ| ≥ t] ≤

σ2
t2

for a random variable X with expected value µ and variance σ 2 .
By observation 1 (see below) we have σ 2 = p(1 − p)n ≤ 41 n and therefore:

C ≤2+
≤2+
≤2+
=2+
=2+

∞
X
i=3
∞
X
i=3
∞
X

σ2
√
((i − 2)d ne)2

(1)

n
1
√
4 ((i − 2)d ne)2

(2)

1
1
4 (i − 2)2

(3)

i=3
∞
X

1
4

i=1
2

1
i2

(4)

1π
≤ 2.42
4 6

(5)

Remark: In the paper we can find a proof for an even tighter bound for C, which uses the
DeMoivre-Laplace limit theorem. The result is:
C ≤2+

X
i≥3

1
1 −2(i−2)2
√
e
≈ 2.027029
2 2π i − 2

Observation 1. Let f (x) = x(1 − x). Then f (x) ≤

1
4

holds for all x ∈ R.

Proof. f (x) is a quadratic function with the maximum at x = 1/2 and value f ( 12 ) = 14 , because
d
d
1
p(1 − p) =
p − p2 = 1 − 2p = 0 ↔ p =
dp
dp
2
2
d
p(1 − p) = −2 < 0
dp2
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and
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Conclusion

In mathematical fields we often encounter proofs, which are completely correct, but are nevertheless non intuitive or hard to comprehend. In every presentation of some mathematical proof, there
is the underlying
math and the way how it is presented. To illustrate: it is hard to understand
√
P∞
2
x2i+1
why sin(45) = 2 if we only know the expanded form of sinus sin(x) = i=0 (−1)i (2i+1)!
and
not know that sin(x) can be seen as the ratio of the length
of
the
opposite
side
to
the
length
of
√
2
the hypotenuse. Both views are correct and sin(45) = 2 can proven using either definition, but
obviously, proving it with the second view is much simpler than proving it using the other. In my
own experience I can say, that I learn and understand concepts far easier if they are presented in
a clear and intuitive way and thus, such an proof, just like the proof presented by the paper, has
high pedagogical value.
The main take away from the paper was not the introduction of another search algorithm with
the log log n average behaviour or its exact analysis, but rather the fact that the introduction of
BinaryInterpolation is helping us to better understand the behaviour of interpolation search.
As this report has come to an end, I would like to recommend some elegant proofs, all presented
in a very intuitive and graphical way. The first link [3] is a proof of the basel problem, where one
P∞
2
has to show that i=1 i12 = π6 , which we actually used in the proof of lemma 1 at equation (5).
More beautifully explained proofs can be found via [2], [1] or [7].
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